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approximation on sub-horizon scales we obtain the effective gravitational coupling Geg associated with
the growth rate of matter perturbations as well as the effective gravitational potential ®@.¢ relevant to the
deviation of light rays. We then apply our formulas to a number of modified gravitational models of dark
energy - such as those based on f(R) theories, Brans-Dicke theories, kinetic gravity braidings, covariant
Galileons, and field derivative couplings with the Einstein tensor. Our results are useful to test the large-
distance modification of gravity from the future high-precision observations of large-scale structure, weak
lensing, and cosmic microwave background.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The late-time cosmic acceleration has been supported by several independent observations - such as supernovae la [1], Cosmic Mi-
crowave Background (CMB) [2], and baryon acoustic oscillations [3]. The simplest candidate for dark energy is the cosmological constant,
but the typical scale of the vacuum energy is vastly larger than the observed energy scale of dark energy [4]. Instead many alternative
models have been proposed to identify the origin of dark energy [5,6].

A minimally coupled scalar field with a potential V (¢) - quintessence [7] - can account for the cosmic acceleration today, provided
that the potential is sufficiently flat with a small effective mass my ~ 10733 eV. The k-essence [8], where the Lagrangian includes a
nonlinear term of the field kinetic energy, can be responsible for dark energy even in the absence of a field potential. Quintessence and
k-essence can be distinguished from the cosmological constant in that their equations of state vary in time while the latter does not.

There is another class of dark energy models based on the large-distance modification of gravity - such as (i) f(R) theories [9],
(ii) Brans-Dicke theories [10], (iii) Dvali-Gabadadze-Porrati (DGP) braneworld [11], and (iv) Galileon gravity [12]. In the local region
where the average density is much larger than the cosmological one, these models need to recover the General Relativistic behavior for
consistency with solar-system experiments [13]. The models based on the theories (i) and (ii) can be made to be compatible with local
gravity constraints under the chameleon mechanism [14], as long as the scalar degree of freedom has a large effective mass in the region
of high density [15]. For the models based on the theories (iii) and (iv) the nonlinear field self-interaction can allow the recovery of the
General Relativistic behavior in the local region [16] through the Vainshtein mechanism [17].

For the dark energy models mentioned above the field equations of motion are kept up to second order. This is desirable to avoid
the appearance of the Ostrogradski’s instability [18] associated with the derivatives higher than the second order. In 1974 Horndeski [19]
derived the most general single-field Lagrangian for scalar-tensor theories with second-order equations of motion. Recently this issue was
revisited by Deffayet et al. [20] in connection to a covariant Galileon field. The most general scalar-tensor theories with the second-order
equations can be expressed by the sum of the Lagrangians (2)-(5) below. In fact one can show that this Lagrangian is equivalent to that
derived by Horndeski [21] (see also Ref. [22]).
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The most general scalar-tensor theories not only include quintessence and k-essence but also accommodate f(R) theories, Brans-Dicke
theories, and Galileon gravity. Moreover, as shown in Ref. [21], several different choices of the functions K, G; (i =3, 4, 5) give rise to the
(modified) DGP model in 4 dimensions [23], the field coupling with the Gauss-Bonnet term [24], the field derivative coupling with the
Einstein tensor [25,26], and so on.

In this Letter we shall derive the equations of linear density perturbations for the most general scalar-tensor theories with non-
relativistic matter taken into account. In the presence of the terms L£; (i = 3,4,5) the effective gravitational coupling G is subject to
change compared to that in General Relativity. This leads to the modified growth rate of matter density perturbations 8, as well as the
modified evolution of the effective gravitational potential @, associated with the deviation of light rays. Similar analysis has been carried
out in specific scalar-tensor theories [6,27-31], f(R) theories [31,32], kinetic gravity braidings with the term £3 [33-37], and covariant
Galileon [38]. Our analysis in this Letter covers those theories as specific cases. Such general analysis will be useful to discriminate between
modified gravitational models from the observations of large-scale structure, weak lensing, and CMB [39].

This Letter is organized as follows. In Section 2 we derive the background equations of motion on the flat Friedmann-Lemaitre—
Robertson-Walker (FLRW) background for the action (6) below. In Section 3 we obtain the full scalar perturbation equations of motion for
the metric (21). In Section 4 the effective gravitational coupling Gess as well as the effective gravitational potential ®es are derived under
the quasi-static approximation on sub-horizon scales. In Section 5 we apply our formulas of sub-horizon perturbations to a number of
modified gravitational models of dark energy. Section 6 is devoted to conclusions.

2. The most general scalar-tensor theories and the background equations of motion

The most general 4-dimensional scalar-tensor theories keeping the field equations of motion at second order are described by the
Lagrangian [20]

5
L=> L (1)
i=2

where
Lo =K, X), (2)
L3 =—G3(¢, X)O, 3)
L4=Ga(p, X)R+ Gax[(O$)2 — (VuVu)(VFV 9)], (4)
1
L5=Gs5(¢, X)G v (VHV¢) — EGS,X[(D@B —3(09)(Vu Vi) (VEVY @) +2(VH V) (V¥ V50) (VP VL) ] (5)

Here K and G; (i =3,4,5) are functions in terms of a scalar field ¢ and its kinetic energy X = —d*¢d,¢/2 with the partial derivatives
Gi,x =9G;/dX, R is the Ricci scalar, and G, is the Einstein tensor. The above Lagrangian was first discovered by Horndeski in a different
form [19]. In fact the Lagrangian (1) is equivalent to that derived by Horndeski [21].

We are interested in the late-time cosmology in which the field ¢ is responsible for dark energy. In addition we take into account a
barotropic perfect fluid with the equation of state w = Py;,/ o, Where Pp, is the pressure and o, is the energy density respectively. In the
following we focus on non-relativistic matter (w = 0) minimally coupled to the field ¢.! The total action we are going to study is then
given by

5= / d*x V=L + L), 6)

where g is a determinant of the metric g,,, and Ly, is the Lagrangian of non-relativistic matter.
Let us consider a flat FLRW background with the metric ds? = —N?(t) dt? + a?(t) dx?. Variations with respect to the lapse N(t) and the
scale factor a(t) give rise to the following equations of motion respectively

5
SEZEi:—,Om, (7)
i=2
5
P= Z'Pi =0, (8)
i=2
where
& =2XKx—K, 9)
E3=6X¢HG3 x —2XG3.4, (10)
E4=—6H?G4 +24H?X (G4 x + XG4 xx) — 12HX$G4 gx — 6HPGy4 g, (11)
Es =2H>X¢(5Gs x 4+ 2XGs xx) — 6H2X(3Gs 4 +2XGs.4x), (12)

1 If matter is non-minimally coupled to ¢ through the coupling to the metric 8uv = A(¢)guy rather than gy, one rewrites the action (6) in terms of ¢ and g,, rather
than ¢ and g;,. Then, the Lagrangian is still of the form (2)-(5), because the change of the variable g, — ;v = A(¢)g,y does not generate higher derivative terms in the
field equations. For this reason, it is sufficient to consider matter minimally coupled to ¢.
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and
Py =K, (13)
P3 = —2X(G3,4 + $G3.x), (14)
Ps=2(3H? +2H)G4 — 12H* XG4 x — 4HXGa x — 8HXGax — 8HXXGa xx +2(¢ +2HP)Gap
+4XGa.pp +4X(@ —2H$)Ga x, (15)
Ps=—2X(2H?¢ + 2HH$ + 3H?$) G5 x — 4H?X*$Gs xx +4HX(X — HX)Gs 4x
+2[2(HX + HX) + 3H?X]Gs.4 + 4HX¢ G5, 4y (16)

Here a dot represents a derivative with respect to t and H = d/a is the Hubble parameter. Varying the action (6) with respect to ¢(t), it
follows that

1d
a3 dt
where

(@) = Py, (17)

J=¢K x +6HXG3 x —2¢G3.4 + 6H?p(Ga x +2XGa xx) — 12HXGa px

+2H3X(3Gs x + 2XGs xx) — 6H?(Gs 4 + XG5 px), (18)
Py =K 4 —2X(G3,9p + $G3,6x) + 6(2H? + H) G4y + 6H(X + 2HX) G4 ¢x
—6H%XGs5 pp + 2H>X$Gs 4x. (19)

Non-relativistic matter obeys the continuity equation

Pm+3Hpm =0. (20)

Egs. (7), (8), (17), and (20) are not independent because of the Bianchi identities. In fact the field equation (17) can be derived by using
Egs. (7), (8), and (20).

3. Linear perturbation equations

In this section we derive the linear perturbation equations for the theories give by the action (6). Let us consider the following
perturbed metric about the flat FLRW background [40]

ds? = —(142W) dt* — 28; x dtdx' + a* () (1 + 2@)8;j dx’ dx/, (21)

where ¥, @, and x are the scalar metric perturbations. In this expression we have chosen a spatial gauge such that g;; is diagonal, which
fixes the spatial part of a vector associated with a scalar gauge transformation. The temporal part of the gauge-transformation vector is
not fixed for the moment.

We perturb the scalar field as ¢ (t) + §¢(t, x), and the matter fields as well, in terms of the matter density perturbation éop,, and the
scalar part of the fluid velocity v. We define the density contrast of matter as § = §pm/pm. In order to write the perturbation equations
in a compact form, we introduce the following quantities [21],

Fr =2[G4 — X(¢Gs x + Gs.9)]. (22)
Gr =2[G4 — 2XGax — X(HpGs x — Gs.)], (23)
and
19€
T 64H
= —XG3 x +2HGs — 8HXGa x — 8BHX?Ga xx + $Ga.p +2XhGa px
— H?$(5XGs x +2X%Gs xx) + 2HX(3G5 ¢ + 2X G5 9x), (24)
3E 1. 93E
Y=X—+4+_-H—
X 2 9H

= XK x +2X*K xx + 12H$XG3 x + 6HHX?G3 xx — 2XG3,9 — 2X>G3 px
— 6H?G4 +6[H?(7XGa,x + 16X>Ga xx +4X>Ga xxx) — HP(Gap +5XGapx +2X*Gapxx)]
+30H>$ XG5 x + 26H>pX*Gs5 xx + 4H>$X>Gs xxx — 6H2X(6G5,4 +9XGs gx +2X2G5 ¢xx), (25)

where we used the relation Xdx¢ = ¢/2. The functions Fr and Gr appear in the quadratic action for the cosmological tensor perturbations
[21,41,42]. In order to avoid ghost and Laplacian instabilities in the tensor sector we require the conditions Fr > 0 and Gr > 0.

We expand the action (6) up to second order in perturbations and vary the second-order action with respect to each perturbed variable
such as ¥. Following the procedure explained in Ref. [38], the perturbation equations in Fourier space are given by
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; ; . k? k? k?
Ey =A1P + A28¢ — pmV +A3a—2@ + Ag¥ +Asa—2X + <A60_2 - /L)(S(i) — pmé =0,

. . . . . k2 k2
Eo = B1® + Bad + Bs® + Bad + Bs + B 50 + (B7a—2 +3v>5¢

k2 k2 k? .
+(Bg— +Bo |¥ +Bio5 X +Bii5x+3pmv=0,
a a a

Ey =C1® + C28¢ + C3¥ + C48¢ + pmv =0,
. . . . . k% .
Esy =D1® + D28¢ + D3® + Dyd¢p + Ds¥ + DGa_ZX

k? k? 2 k? k?
+ D7—2+D8 D+ D9—2—M 8¢ + D10—2+D11 ‘I/+D12—2X =0,
a a a a
E,=v—-v¥ =0,

. . k2 k2
E5:8+3(p+a—zv—a—zx=0,

where k is a comoving wavenumber, and

A1 =606, Ay =-2(X +3H@)/cj&, A3 =20r, Ay =2%+ ppm, A5 =-26,
As=2(0 —HGr)/$,  p=Ey,

By =64r, By =6(® — HGr)/9, B3 =6(Gr 4+ 3HGr),

By =3[(4H¢ — 4H¢ — 6H?$)Gr — 2HGGr — (4 — 6HP)O + 266 — pm|/$*,  Bs=—60,
Be=2Fr,  B7=2[Gr+H(Gr —Fr)]/¢.  Bs=20r, Bg=-6(O+3HO),
Bio=-2Gr,  Biu1=-2(Gr+HGr), v="Py,

C1=20r, (=20 -HGp)/p, C(3=-20, C4=[2(Hp—H)Gr — 266 — pno|/$*,
D1=6(0 —HGr)/¢.  D=2(3H?Gr —6HO — %)/$*,

D3 = —3[2H(Gr +3HGr) — 2(6 +3HO) — pm]/¢.

Dy =2[3H{(3H? +2H)¢ — 2H}Gr + 3H?$Gr + 6{2H$ — (3H? + H)¢}O — 6HHO + 26 — 3H)) T — $2]/d>,

Ds=2(X +3HO)/$,  Ds=-2(6—HGr)/,  D7=2[dr+H(Gr — Fn)]/¢.
Ds =3[6(H¢ — H$)© — 20X +3Hpmé — 11*]/¢?,
Do = [2H*Fr — 4H(Gr + HGr) + 2(0 + HO) + pn]/$*,
D1g=2(® — HGr)/$. D11 =[6{(3H? + H)$ — Hp}© + 6H$pO +2(3H¢ — $) = + 295 — ud?]/¢*,
D12 =[2H(Gr + HGr) — 2(© + HO) — pm]/$.
M? = [t +3H(u + )]/
= —K g + (& +3HPK gx + 2XK gpx + 2XPK pxx
+ [6H(G3,9xxX + G3,9x) — 2G3,99px X — 2G3,9¢ |§ + 6H(G3,ppx X — G3,99)
+6G3,pxXH + 2(9H?G3,9x — G3,990) X
+ [6H? (4G4 px00X? + 8Ga gxxX + Ga,px) — 6H (2G4 pgpxx X + 3Ga psx)0] 6
+ [12H(Ga,px +2G4,9xx X)H + 6H (6H? G4 gxx X — 2G4, ggpx X +3H* G4 9x) ]|
+12H?(2G4,ppxxX* — 3Ga,p9x X — Ga.9p) — 6(2G4,gpx X + Ga.pp)H
+ [2H? (2G5, gxxx X? + 7G5 gxx X + 3G5,9x)$ — 6H?(5G5 46 x X + G599 + 2G5 ppxx X2) |
+ [2H?(2G5, gpxx X* — 9G54 — 7G5, 9px X) — 12H(G5,9px X + G5.69)H |
+ 6H2X(3G5,¢x + 2G5 pxx X)H + 6H>X (3H? G5 ¢x — G5, 499 + 2H?G5,9xx X — 2G5 ggpx X).

PLB:28143

(29)
(30)

(31)

(35)

In deriving the above we used the background equations. The expression of the coefficients of Eqs. (26)-(29), written in terms of the
variables ®, X, etc., becomes compact, though many of the coefficients include terms ¢" (n > 0) in the denominators. However, there are
no divergences at ¢ = 0. In fact, whenever the term ¢" appears in the denominator, the numerator of the same coefficient compensates
with the term ¢". For instance, this property can be seen in the expression of M2. From the expressions of the coefficients given above,
it is clear that not all these coefficients are independent. For example, later on, we will find it convenient to use the following relations
A3 = Bg, D7 = B7, and D]o = A5.
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The mass of the field §¢ is related with the term M? defined in Eq. (35). In fact, for a canonical scalar field described by the Lagrangian
K=X—V(¢) with G; =0 (i = 3,4,5), we have that M? = —K 3¢ = V ¢¢. In viable dark energy models based on f(R) gravity and
Brans-Dicke theory with a field potential, the term —K 44 is the dominant contribution to M? [43,44]. The term —K 44 comes from the
time-derivative of w, such that the contribution from the term 3H (i + v) is usually unimportant relative to fi.

The equations of motion (26)-(31), are not independent. In fact, we find the identity

: k? ; .
Ey +3HEy —HEp — a_ZEX — ¢Esp + pm(Ey +3HEy) + pmEs =0. (36)

This relation can be used in two ways: 1) to check the consistency of the equations themselves; 2) to get some equations of motion, which
would be missing when some gauge is used from the beginning. For example, in the Newtonian gauge (x = 0), the equation Ey|y—0 =0,
cannot be derived directly. However, it is still possible to obtain it by using Eq. (36).

We note that the following combination of the perturbation equations is useful:

k2 . .
a_zEVE3(EX +3HEy) —E¢ =0, (37)
which is written explicitly as

E, = Be® + B78¢ + BsW + B1oX + Bi1x =0. (38)

This equation corresponds to the traceless part of the gravitational field equations.
In order to study the evolution of matter perturbations we introduce the gauge-invariant density contrast

dm =06+ 3Hv. (39)
From Egs. (30) and (31) it follows that

.. . k2 . .
8m+2H8m+;—2(!1/—)'()=3(1+2H1), (40)

where I = Hv — @.
4. Effective gravitational couplings under the quasi-static approximation on sub-horizon scales

When we discuss the evolution of matter perturbations relevant to large-scale structure and weak lensing, we are primarily interested
in the modes deep inside the Hubble radius (k?/a® > H?). We shall use the quasi-static approximation on sub-horizon scales,> under
which the dominant contributions in the perturbation equations correspond to those including k?/a® and § [6,27,45]. There are two
different classes of dark energy models, depending on the mass M of a scalar degree of freedom.

The first one corresponds to the case in which the mass M becomes large in the early cosmological epoch. The viable dark energy
models constructed in the framework of f(R) gravity [43,47,48] and Brans-Dicke theories [44] belong to this class. Since the effect of
the field mass cannot be neglected in such cases, we need to take into account the term M2 to discuss the evolution of perturbations.
This induces the oscillation of the field perturbation §¢, but as long as this oscillating mode is initially suppressed relative to the matter-
induced mode, the quasi-static approximation can reproduce numerically integrated solutions with high accuracy [43,49]. Under the quasi-
static approximation we neglect the time-derivatives of §¢, which corresponds to the approximation under which the oscillating mode is
unimportant relative to the matter-induced mode.

Another class corresponds the case in which the field does not have a massive potential, e.g., Galileon gravity. In such cases the
numerical simulations in Refs. [35,38] also show that the quasi-static approximation is sufficiently accurate for the modes deep inside the
Hubble radius.

We expect that the quasi-static approximation on sub-horizon scales should be trustable for our general theories as well, provided that
the matter-induced mode dominates over the oscillating mode.

Let us choose the Newtonian gauge in which y = 0. Under the quasi-static approximation on sub-horizon scales we find that Egs. (38),
(29), and (26) can be rewritten as

B¢® + B78¢ + BgW¥ =0, (41)
k? k? ) k?

B7—5® + | Dg— — M* )¢ + As—5 ¥ ~0, (42)
a a a
k2 k2 N

Bsa—2¢>+A6a—28¢—,0m8_0, (43)

where we used the relations A3 = Bg, D7 = B7, and D19 = Ag already mentioned in Section 3. The above three equations correspond to
the traceless part of the gravitational field equations, the scalar-field equation of motion, and the (00)-component of the gravitational field
equations, respectively. Note that Eq. (41) also follows from Eq. (27) in the same approximation scheme.

2 strictly speaking, the typical scale here should be given by the sound horizon rather than the Hubble horizon because the propagation speed of the scalar mode, cs, differs
from unity in general [21,46]. One needs to be careful for the use of the quasi-static approximation in models with c; « 1, as the range of the validity of the approximation
may be quite limited.
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We can solve Egs. (41) and (42) for @ and 8¢ in terms of ¥, and then substitute these expressions into Eq. (43). This gives the
following Poisson equation

k2
a—Z'I/ >~ —A47 Geff Pm 6. (44)

Here the effective gravitational coupling Gegs is given by

2M2[(BsDg — B3)(k/a)* — BsM?]

Gefr = (45)
¢ (A%Bg + BZDg — 2AgB7Bg)(k/a)* — BZM?
M2{(O + HO)Fs + (G1 — ©Gr/©)* + Fr[XM>a®/k* + (€ + P)/2]) c 46)
B O2Fs + GZ[XM2a2 /k2 + (€ + P)/2] ’
where G is the bare gravitational constant related with the reduced Planck mass My, via the relation 87 G = M;lz, and
1d/(a
Fs=-—(—=6%)-Fr. 47
S=Gdr (o gT) T (47)

In order to avoid the Laplacian instability of scalar perturbations we require that Fs > 0 [21,41,42]. While Geg is written in a compact
expression in Eq. (46), it is often convenient to use the form (45) for a given Lagrangian. In Appendix A we present the explicit forms of
the coefficients Ag, Bg, B7, Bs, and Dg, which is useful for the computation of Eq. (45).

Under the quasi-static approximation on sub-horizon scales Eq. (40) gives

. 2
b +2Hbn + 9 0. (48)

On using Eq. (44) and &, ~ & (which are valid for k? /a® > H?), it follows that

8m + 2Hbm — 47 G omdm ~ 0. (49)
This can be written as
, H' 3 Gefr
s,’n+(2+ﬁ>s,’n— > Smdm =0, (50)

where 2, = pm/(3M12)1H2)' and a prime represents a derivative with respect to N =Ina.
We define the anisotropic parameter 7 to characterize the difference between the two gravitational potentials:

n=-o/v. (51)
Under the quasi-static approximation on sub-horizon scales this reduces to

__ (BgDg — AgB7)(k/a)* — BgM?

52
(BgDg — B3)(k/a)? — BgM? 52
 Gr® + (HFr — Gr)® — HGr (Gr + HGr) — Grl(€ + P)/2 + XM?a? /K] (53)
Fr(© + HO) — (Gr + HGr)? — Frl(E+P)/2+ XM2a?/k2]
We also introduce the effective gravitational potential
Peff = (¥ — P)/2, (54)

which is associated with the deviation of the light rays in CMB and weak lensing observations [50]. From Egs. (44) and (51) we have

a 3Gef1+n(aH

1+ 2 2
¢eff:—4nceff7”<ﬁ) pmaz—577<7) Pmbim. (55)

Let us consider k-essence in the framework of General Relativity (GR), which corresponds to the Lagrangian £ = K(¢, X) + (M[Z)l /2)R
[ie. G4= M;l/z, G3 = 0= Gs]. In this case one has Fr =Gr = M;2>1' O = HM;I, and Fs = —M;lH/Hz, which gives Gegr =G and =1
from Egs. (46) and (53). During the matter-dominated epoch (H'/H ~ —3/2 and $2p, ~ 1) there is a growing mode solution &y o< a to
Eq. (50). For this solution @¢ = constant from Eq. (55). In modified gravitational theories Geg and 7 are in general different from G and
1 respectively, so that the evolution of 8, and @ is subject to change compared to GR.

5. Application to specific theories

In this section we apply our formulas of Geg and 1 derived in Section 4 to a number of modified gravitational theories.
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5.1. f(R) theories

The Lagrangian of f(R) theories corresponds to £ = (M§1/2)f(R), where f is an arbitrary function in terms of the Ricci scalar R. This
is equivalent to the Lagrangian (1) by choosing the following functions [51]

M?2 1
1
K=_Tp(Rf,R_f)7 G3=0=Gs, G4=§Mp1¢, ¢ = Mp\f R, (56)

where ¢ is a scalar degree of freedom having the dimension of mass. Since G4 = ¢Mp/2, B7 =2Ae = 2My|, Bg = Bg = 2Mpi¢, and Dg =0
in this case, Eqs. (45) and (52) read

Myt 4208/ My (Ma/k? g L @/My)(Ma/ky” 57)

T ¢ 3+2@/Mp(Mask)? 2+ (¢/Mp)(Ma/k)?”

From Eq. (35) the mass squared of the scalar degree of freedom is given by

1
M? = —K pp = =——. 58
= S (58)
Substituting this relation and ¢ = Mp, f  into Eq. (57), it follows that
G 14+4(frr/f.R)(k/a)? 1+2(f.rr/f.R)(k/a)?

off = = (59)

Fr13(r/fok@? T 1+ 4 rr/ fR)K/2

which agree with those derived in Ref. [31].

The viable dark energy models based on f(R) theories were constructed to have a large mass M in the deep matter-dominated epoch
[43,47,48], i.e. frr>1 and fr~1 for R > H%, where Hg is the Hubble parameter today. In the regime (f,RR/f,R)(k/a)2 <1 (or
M2 f g > k*/a?) one has Gegr >~ G and 1 ~ 1, so that the evolution of density perturbations is similar to that in GR. At late times the mass
term M gets smaller with the growth of fgg. Since Gesr ~4G/(3fr) and 1~ 1/2 for (frg/f r)(k/a)?> > 1, the growth rate of matter
perturbations is larger than that in the ACDM model, e.g., 8, oc tV33~1/6 during the matter-dominated epoch [43,48].

Substituting Eq. (59) into Eq. (55) we obtain ®efr ~ —(3/2)(aH/k)22mn, where 2, = $£2m/ f r. This means that the anisotropic pa-
rameter 1 between the two gravitational potentials practically compensates the modification induced by the gravitational coupling G,
i.e. Gest(1 4+ 1)/2 = G/ f g. During the matter dominance (2, ~ 1 and a o t>/3) the evolution of the effective gravitational potential on

sub-horizon scales is given by ®efr o t(V33-/6 [43].
5.2. Brans-Dicke theories

Brans-Dicke theories [10] with the field potential V (¢) correspond to the choice
. Mpla)BDX
¢

where wgp is the Brans-Dicke parameter (which is constant). Compared to original Brans-Dicke theories we have introduced the reduced
Planck mass My in K and G4 such that the field ¢ has a dimension of mass. The difference from f(R) theories appears for the kinetic
term MpjwppX/¢, in which case Dg = —Mpjwpp/¢. From Eqs. (45) and (52) it follows that

1
K ~V@). G3=0=Cs.  Gi=3Myg. (60)

o My 4208 + 206 /My (Ma/k? y_ 1 rom+ (/M) (Ma/k)2 61)
o 3+ 2wpp + 2(¢/ M) (Ma/k)2 2+ wpp + (¢/Mp))(Ma/k)?’
where
M . . .
M2=V 49+ %[qﬁ — ¢( +3H)]. (62)

The results (57) in f(R) theories can be recovered by setting wgp = 0 in Eq. (61). It is convenient to express M2 solely in terms of the
potential. This can be done by using the scalar field equation of motion, and we obtain M? ~ V ¢ +V 4/¢, where we have neglected
O(MpH?/¢) terms.

In the limit where wgp — 0o or M? — oo (with ¢ ~ Mp1) we recover the General Relativistic behavior: Geff >~ G and 1 > 1. In the limit
that M%2 — 0 we have Geff > (Mp1/¢)(4+ 2wpp)/(3 + 2wep)G and n = (1 + wpp)/(2 + wpp) [29,31]. The effective gravitational coupling in
the latter case also agrees with the one corresponding to the gravitational force between two test particles [52].

5.3. Kinetic gravity braidings

Let us consider the kinetic gravity braidings [53] described by the Lagrangian

1
K=K@,X), G3=Gs(¢.X), G4=5M§1, Gs=0. (63)
Since Ag =—2XG3. x, Bs =Bg = ZMIZJI, B7 =0 in this case, it follows that
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M? — Dg(k/a)?
M2 — (Dg 4 2X2G3 x /1\/1I§1)(l</a)2 ’

Geff = n=1, (64)

where

Dg=—K x —2(G3 x + XG3xx)¢ — 4HG3 x¢ +2G3 ¢ — 2XG3 ¢x. (65)

In the limit that M%2 — oo we have Gesf — G, so that the General Relativistic behavior is recovered.
Let us consider the theories in which both K and G3 depend only on X, i.e. K = K(X) and G3 = G3(X). Since M? =0, G3,y =0, and
G3,¢x =0 in such theories, the effective gravitational coupling is given by

2 4
CSxf } (66)

Geff=G{]+ 5 = - o T
2M7 K3 x + 2(¢ +2H9)G3 x + G3 xxd“¢] — G5 ¢
This result agrees with that derived in Ref. [37] in which the authors studied the evolution of perturbations for the functions K = —X and
G3 o« X" (which corresponds to the Dvali and Turner model [23]).
One can also extend the analysis to the case where G4 is a function of ¢, i.e. £L=G4(¢)R + K(¢, X) — G3(¢p, X)¢. The perturbation
equations for the theories with G3(¢, X) = £(¢)X were derived in Ref. [36] (see also Refs. [34,35] for specific choices of the functions
Ga(¢) and K(¢, X)).

5.4. Covariant Galileon

The covariant Galileon without the field potential corresponds to [54]

_ 3 _1 2 C4
K=—cX, G3_WX’ G4——M - —X“, Gs

_ 3¢5

= sz, (67)

where ¢; (i =2, 3,4, 5) are dimensionless constants and M is the constant having the dimension of mass. For the choice (67) we confirmed
that all the coefficients in Eqs. (32)-(35) are equivalent to those given in Ref. [38]. Hence Eqgs. (45) and (52) reproduce the effective
gravitational coupling Geg and the anisotropic parameter 7 derived in [38].

For the covariant Galileon there exists a stable de Sitter solution where X = constant [55] (see also Refs. [56,57] for related works).
Since G is larger than G before the solution reaches the de Sitter attractor, the growth rate of matter perturbations is larger than that in
the ACDM model. In addition the variation of the effective gravitational potential ®.¢ can be more significant than that in f(R) gravity,
because n can be larger than 1 in the early cosmological epoch [38].

5.5. Field derivative couplings with the Einstein tensor

The dark energy model of Gubitosi and Linder [26] corresponds to

1
K=X, Gi=-M? Gs=—x%,
M2,

2 pl’ (68)

where A is a dimensionless constant (see also Refs. [25,58]). The Lagrangian in Ref. [26] involves the term (A/M;l)GWV“zﬁV"zﬁ, but this
is equivalent to —A(¢/M12)1)GMVV“V”¢ after the integration b}/ part.s. .

Since Ag = —4AH@Mp, Bg = 2M? +42.X/M?, By = —4i(¢ + HP) /M7, Bg =2M?) — 41X /M3, and Dg = —1 — 6AH* /M3, — 4AH /M2,
it follows that

Gerr= (1 4 é)c, (69)
&

21[1\/15@2 +20(2H¢ + 24 + 3H2$% + 2Hd?)] )
=1- — . — - —, 70

7 Mgl + AM51(6M51H2 + 4M§1H + $2) 4+ 222(7TH2¢2 + 2Hp? + 4¢2 + 8Hpo) (

where
&1 = A[3M5$* + AM? (18MP H?$? + 12M2 H? + 8M2b* — %) + 2076 (8H + 9H?§ — 2I¢)], (71)
& = M) +20M5 (3M7 H? + 2Mp H — ¢°) + 2> M3 (¢* + 16M3 Hp$ — 4M2 H? > — 8M3 H$?)

+223¢°(2H$ — 8H — 9H? ). (72)

For A # 0 one has Geff # G and 1 # 1, so that the evolution of perturbations is different from that in GR. Note that the results (69) and
(70) are derived for the first time in this Letter.
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6. Conclusions

In this Letter we have derived the full equations of scalar density perturbations for the perturbed metric (21). The Newtonian gauge
corresponds to the choice y =0, which fixes the temporal part of the gauge-transformation vector. Since the different gauge choices (such
as 8¢ = 0) are possible, our linear perturbation equations can be applied to other gauges as well.

For the perturbations deep inside the Hubble radius the quasi-static approximation employed in Section 4 is accurate for an effectively
massless scalar field. In fact this is the case for kinetic gravity braidings and covariant Galileons. In the dark energy models based on
f(R) theories and Brans-Dicke theories, the mass of the scalar field degree of freedom needs to be large in the region of high density
for consistency with local gravity constraints. In order to accommodate such cases we have taken into account the effective mass M in
estimating the effective gravitational coupling Geg. For the quasi-static approximation to work it is necessary that the time-derivatives
of the field perturbation 8¢ are neglected relative to the terms including cg(k2 /a%)8¢, where cs is the scalar propagation speed whose
explicit expression is given in Ref. [46]. This implies that the perturbation field cannot be fast oscillating. In other words, provided that
the oscillating mode of the field perturbation is suppressed relative to the matter-induced mode, the quasi-static approximation on sub-
horizon scales can be trustable.

In order to estimate the growth rate of perturbations relevant to large-scale structure and weak lensing, it is sufficient to use the
approximate results of (45) and (55) with the anisotropic parameter 7 given by Eq. (52). We applied our formulas to a number of
modified gravitational models of dark energy and found that they nicely reproduce the previously known results. There are some new
models - such as the field derivative couplings with the Einstein tensor - in which the evolution of perturbations deserves for further
detailed investigation.

For the large-scale perturbations associated with the integrated-Sachs-Wolfe effect in the CMB anisotropies the sub-horizon approx-
imation in Section 4 is no longer valid. Instead we need to integrate the perturbation equations (26)-(31) numerically, along the lines
of Ref. [38]. It will be of interest how the joint data analysis of CMB combined with the observations of large-scale structure and weak
lensing place constraints on each modified gravitational model of dark energy accommodated by the general action (6).
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Appendix A. Coefficients relevant to sub-horizon perturbations

Here we write the explicit forms of the coefficients Ag, Bg, B7, Bg, and Dg:

Ag = —2XG3 x —4H(Ga x +2XGaxx)p +2Ga,p +4XGCa px

+4H(Gs.¢ + XGs sx)$ — 2H*X(3Gs x +2XGs xx), (A1)
Bg =4[G4 — X(¢Gs.x + Gs,)], (A2)
B7 = —4Ga xH¢ — 4(Ga x +2XGaxx)p +4Gay — 8XGa px

+4(Gs¢ + XG5 3x)¢p — 4H[(Gs x + XG5 xx)¢ — G5, + XG5 9x | +4X[G5. 99 — (H* + H)G5 x]. (A3)
Bg =4[G4 —2XGa x — X(H$Gs x — Gs.4)], (A4)

Dg=—K x —2(G3.x + XG3 xx)$ — 4HG3 x$ + 2G3.4 — 2XG3 4x
+ [~4HBGaxx +2XGax0)d +4H(BGapx — 2XGapxx)|¢ + (6Gapx +4XGapxx)d
— 20H%XGaxx +4XGappx —4H(Gax +2XGaxx) — 6H*Ga x
+ {4H(2Gs ¢x + XGs,gxx)$ — AH[(H* + H) (G5 x + XG5,xx) — XGs5.99x |} — 4H?X*G5 pxx
— 2H?(Gs,x + 5XGs xx +2X?Gs xxx)d + 2(3H? + 2H) G5 ¢ + 4HXG5 gx + 10H* XG5 x. (A5)
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