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Abstract

In this work, we study the single-particle motion in the forced harmonic potential
by Feynman path integral method. The propagator is evaluated and analyzed. We
compare this result with the wave mechanical solution in case of the constant external
force. Our new method gives the same ground state eigenenergy and wave function
as the technique of the wave mechanics. This shows that the path integral method
corresponds to the wave mechanical technique.
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Chapter 1

Introduction

Mechanics explains motion of particles, it can be roughly divided into
1. Classical mechanics describes the particle motion in macroscopic scale based on
Newton’s three laws of motion.
2. Quantum mechanics describes the particle motion in microscopic scale based
on Heisenberg’s uncertainty principle.
In case of quantum mechanics, it can be classified into two different forms
2.1 Schrodinger’s wave mechanics
The quantum state of the system of interest is represented by wave function which
can be solved from Schrodinger equation.
2.2 Heisenberg’s matrix mechanics
The dynamical variables of the system are written in the from of matrix.
Both theories are based on Hamiltonian mechanics. After that, R.P. Feynman pro-
posed the third formulation of quantum mechanics based on Lagrangian mechanics.
He developed Dirac’s idea which suggested that transition amplitude < xo, ta|x,t; >
corresponds to exp(% i) f Ldt). This method is called Path Integrals.



1.1 Background

Path integral is the alternative method to describe the behavior of quantum system.
It is the most powerful in many fields of physics. Due to this reason, it is interesting
to apply this method to some simple systems and hoped that it can be developed in

the future works.

1.2 Objectives

1.2.1 To study the single-particle motion in the forced harmonic potential by path
integral method.
1.2.2 To calculate and analyze the single-particle propagator in the forced harmonic

potential.

1.3 Framework

This work focuses on the propagator of the single-particle moving in the forced
harmonic potential calculated by path integral method.

1.4 Expected Use

1.4.1 To attain knowledge and understanding in path integral.
1.4.2 To be able to calculate single-particle propagator in forced harmonic potential.
1.4.3 To apply the path integral method to other systems in the future work.

1.5 Tools

- Computer
- Textbooks on physics and mathematics



1.6 Procedure

1.6.1 Study path integral.

1.6.2 Study Green’s function.

1.6.3 Calculate single-particle propagator in forced harmonic potential.
1.6.4 Calculate wave function from propagator.

1.6.5 Make conclusion and comment.

1.7 Outcomes

We finally found that the ground-state wave functions and energies are the same either
evaluating by Path Integral method or by using Schrodinger’s equation in conventional

quantum mechanics.



Chapter 2

Introduction to path integrals

Consider the motion of the single particle in one dimension from (x,,t,) to (z, ).
In macroscopic scale the motion is described by classical mechanics which states that
the particle shall move along the path with minimum action as shown in Fig. 2.1.
The action is defined as

S[b,a] = /t " L d )t 2.1)

where
S is the action of the particle,
L(z,,t) is the Lagrangian of the system.
The particle moves in the way that minimizes the action S. This leads to the
Lagrange’s equation
i(%) _o (2.2)
dt \ 0z ox
The motion can be solved from equation (2.2).
The situation is completely different in quantum mechanics. There are many
possible paths from (x,,t,) to (xp,t) as shown in Fig. 4.1.
The total amplitude of the particle K (b,a) to go from a to b can be found from
the sum of contribution of the amplitude ¢[x(t)] from each path.
Kb.a) = > ) (2.3)
all possible path
The probability P(b,a) to go from the point x, at time ¢, to the point z; at t, is
the absolute square of the total amplitude

P(b,a) = |K(b,a)|". (2.4)
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Figure 2.1: The single-particle path of motion according to classical mechanics from

(Taytq) to (xp, tp).

Feynman conjectured that the contribution of a path has phase proportional to the
action S associated with each path

ola()] = (Const.)exp{(i/h)S[x(t)]}. (2.5)
We shall write the sum over all paths in a less restrictive notation as
b
K(b,a) = / exp{(z’/h)S[b, a]}Dx(t) (2.6)

which we shall call a path integral and K (b, a) is sometimes called the propagator.

2.1 Events occurring in succession
From Fig. 2.3, the action from a to b can be separated into two parts as

S[b,a) = S[b, c] + Slc, al,



S

Figure 2.2: The possible paths of the quantum mechanics from (x,,t,) to (xp,t).

then the propagator becomes
b
K(bya) = / exp{(z/h }exp{ (i/h)S }D:c()
P
= / / expy (i/h)S[b, ¢ }( exp h)Sle, a]}Dx(t)(Hc) dz.Da(t) s
= / / expy (i/h)S[b, C}K ¢, a)Da(t),_,,dz.
= / / expq (i/h)S[b, C}Dx oy K(c,a)dz.

K(b,a) = /K(b,c)K(c,a)da:c. (2.7)

The propagator for a particle going from a to b can be computed from the rules:

1. The propagator of motion from a to b is the sum over all possible values of x,
of amplitudes for the particle of motion from a to ¢ and then from c to b.

2. The amplitude of motion from a to ¢ and then to b is the propagator of motion
from a to ¢ times the propagator of motion from ¢ to b.

Thus we have the rule: Multiplying Amplitudes for events occurring in succession

in time gives the total amplitude.
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Figure 2.3: The paths of motion of the particle from (z,,t,) to (xy,t;), where each
path passed (z.,t.)

We can continue this process until we have the time scale divided into /N intervals.
The result is

K(b,a):/wl /ZQ.../leK(b,N1)K(N1,N2)...K(z‘+1,z')...K(1,a)dx1dx2.£dx])V1
2.8

2.2 The wave function

From Fig. 2.1 where
K (zy, ty; x4,t,) is the probability amplitude of finding the particle at (zy, ;)
starting from (x,,t,).
|K(xb, ty; T, ta)’2 is the probability of finding the particle at (xy,tp).
Y(xyp, tp) is the probability amplitude of finding the particle at (zy, )
(we are not interested in the origin of the particle’s motion).
|¢(wb, tb)|2 is the probability of finding the particle at (xy,t;).
So we can conclude that

K(xy, ty; o, ts) = V(p, ty).
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From o
K(l’b,tb;l’a, ta) = / K<xb7tb;xcatc)K(xcutc;xa;ta)dxc' (29)

We can rewrite equation (2.9) as

Y(xy, ty) = /0o K(xp, ty; e, to)p (e, te)dae. (2.10)

From equation (2.10), we can see that the wave function 1 (z,t) can be solved when
we know the propagator of the system.
In standard quantum mechanics, at time ¢, the state of system is |¢(tc)> Then

state at a new time ¢, is
() = alts, to)|(te)),

where (ty,t.) is time evolution operator of the quantum state from time ¢, to t;.

Y

The wave function is generated by performing the inner product of ‘¢(tb)>with <xb

we get

U(xpty) = (@o|tb(ts))
= <$b|a(tb’tc)‘w(tc>>'

From the completeness relation

/Z dele) (x| = 1.

The wave function can be written as

W(xy,ty) = <a:b‘ﬁ(tb,tc) /00 dxc‘xc><xc‘@/}(t0)>

_ /_OO (wyla(ty, te)|we)(we|o(t.))da,
O(xp, ty) = /_Oo (wpli(ty, to)|w ) (@e t)da. (2.11)

where
<xb‘a(tb,tc)|xc> is transition amplitude from state ’xc> to state |xb>
By comparing equation (2.10) with equation (2.11), finally we get

<xb|ﬂ(tb, tc)‘xc> = K(xyp, ty; Te, te), (2.12)



2.3 The propagator of the quadratic Lagrangian

The simplest path integrals are those of which all of the variables appear up to the
second degree in exponent. We shall call them Gaussian integrals. In quantum
mechanics this corresponds to a case in which the action S involves the path z(t) up
to and including the second power.

To illustrate how the method works in such a case, consider a particle whose

Lagrangian appear in quadratic form
L = a(t)i® + b(t)ix + c(t)x* + d(t)z + e(t)z + f(1). (2.13)

In classical mechanics, form of the action integral is

to

Sla(t)] = / L, i, £)dt. (2.14)
t1

Therefore the particle’s action of the Lagrangian of equation (2.13) of particle moving

from (x,,t.) to (zp,t,) is written as
Sz (t)] = /t ! [a(t)j:Q +b(t)ix + c(t)x® +d(t)x + e(t)z + f(t)|dt. (2.15)

We can represent z(t) in terms of z.(¢) and a new variable y :

x(t) = za(t) + y(t),

where

za(t) is the classical path,

y(t) 1is the deviation from the classical path with the conditions that y(t) vanishes
at the two end points, y(t,) = y(t;) = 0.

That is to say, instead of defining a point on the path by its distance z(t) from
an arbitrary coordinate axis, we measure the deviation y(¢) from the classical path

as shown in Fig. 2.4



»
>

1(t) = za(t) + y(1)

> L

Figure 2.4: The classical paths z(?) and some possible alternative path z(t) = z.(t)+

y(t).
Substitute z(t) = za(t) + y(t) into equation (2.15)
] = [ o) +9)? + 600+ 9) a4 ) + o)+ o)
a +d(t) (T +7) + e(t)(za +y) + f(t)|dt
= [ o0+ 2+ )+ 60 G+ + e+ i
a +e(t) (@} 4 2zay + y*) + d(t) (Fa + 9) + e(t)(va +y) + f(t)] dt
_ /tt [a(t)i2 4 b{t)dra + c(t) + d(t)ia + e(t)aa+ £(1)]di
[ o0 @i+ )+ 00+ 7+
a +c(t)(2zay + y°) + d(t)y + e(t)y} dt
Slolo)] = S+ [ o080 +57) + 00 -+ 2+ i)

Fe(t) (2aay + 42) + d(t)g + e(t)y} dt, (2.16)

10



where
tp
S = / ()i + b(t)iaza + (ol + d(t)ia + e(t)za + F()]dt.
la

If all the term which contain y(t) as a linear factor are collected, the resulting
integral vanishes. This could be proved by actually carrying out the integration
(involving some integration by parts):

/t :ba(t):i:clydt =— [ /t:b a(t)Zaydt + /t :b d(t);‘cdydt] (2.17)
/t:b b(t)zaydt = — [/: b(t)Taydt + /t:b b(t)xdydt] (2.18)
/t ’ dit)ydt = — /t ’ yd(t)dt. (2.19)

Substitute equations (2.17), (2.18) and (2.19) into (2.16), we obtain

Slr(t)] = Sa+ /t v [ = (2a()iay + 20(t)iay) + a(®)i® + bt)iay
- <b(t):;dy + 6(t):cc1y> + b(E)gy + 2c(t)zay + c(t)y? — dt)y + e(t)y] dt
Slz(t)] = Sa+ /t ’ [ - y(za(t)sc'd + 2a(t) i + b(t)za — 2¢(t)ze + d(t) — e(t))
+a(t)y;—|— b(t) gy + c(t)gﬁ] dt. (2.20)

From the classical Lagrangian equation of motion

d((‘?L) 8L:0’

& ajicl _8xcl

< (20(t)a + b(t)ra+ d(0)) — (blt)ia + 2e(t)ra+et)) = 0
<2a(t):r'd + 2a(t) g + b(t)Ze + b(t)Te + d(t)> — (b(t)x'cl + 2¢(t)za + e(t)) = 0
2a(t)Ea + 2a(t)da + b(t)zg — 2¢(t)za + d(t) — e(t) = 0.

(2.21)

Then using equation (2.20) and the result of equation (2.21), the resulting action is

Slz(t)] = Sa + /t v (a(t)gf +b(t)gy + c(t)y2> dt. (2.22)

11



Finally substitute equation (2.22) into the equation

K(b,a) = /ab exp{%S[w(t)]}Dx(t).

Since the classical path is completely fixed, any variation in the alternative path
x(t) is equivalent to the associated variation in the difference y(¢). Thus in a path
integral, the path differential Dz (¢) can be replaced by Dy(#). Furthermore, the new
path variable y(t) is restricted to take the value 0 at both end-points. This substitu-
tion leads to a path integral independent of end-point positions, so the propagator in
this case can be written as

ko) = [ enft]sis [ (ato b+ cto?)ad fouts

= exp(%5d> /Ooexp{%/t:b (a(t)y2+b(t)yy+0(t)y2>dt}Dy(t)_

K(b,a) = F(t, ta)exp<%5d), (2.93)

Therefore

where Flty, t) = /00 exp Lﬁl /t:b (a(t)if +b(D) gy + c(t)yQ)dt} Dy(?),

and F'(ty, t,) is so called prefactor.

2.4 The free-particle propagator

Consider a free particle which has Lagrangian

1
L= §mx'2. (2.24)

The equation of motion can be found from Lagrange’s equation as follows

agoLy or
dt \ 0% or

mr = 0
i o= 0. (2.25)
From equation (2.25), the solution is
zq=Ct+ (", (2.26)

12



where C and C’ are constants.
From Fig. (2.1) and the boundary conditions

xcl(ta) = g,

[EC](tb) = Typ.

We obtain

r, = Ct,+C,
Cty, +C'.

Ty

We can solve for C' and C’ easily, it yields

C = Ty — T,
tb_ta
C/ _ xatb_xbta
ty —t,

Tp — Lg
Lel —
¢ ty— tq

)
. (

Tel =

Therefore the action of the free particle can be evaluated as follows

ty
m.,
Scl == —1‘2

dt.
¢ 2 cl

Integrating by part, we get

So == <xcl(tb)j5cl(tb) - xcl(ta)j:cl(ta)>

2

inserting x., Zq into equation (2.30) therefore

2
m(xy — Xq
SCIZ_M
2ty —t,

From the relation

[ee]
K (b s t) = / K (1, t: e, te) K (e, te; s ) e,
— 00

13

(2.29)

(2.30)

(2.31)



substituting the free particle propagator into the equation above, it becomes

rletaen =iy ) = et [ oo 5 G2 o

We are interested in only F'(t,,t,), therefore we set x, = 0, x, = 0 for convenience
then

00 [ z2 12
F(ty ts) = F(tb,tC)F(tc,ta)/ exp{% ( - ) + (t - ¢ )] }dxc

—00

F(ty,ty) = F(ty,te)F(te, ta) /_Oo exp{% <(tb _tzc)—(tia_ ta)>x3] }dxc.
) (2.32)

By performing Gaussian integral, it gives

1/2
omih (ty — to)(te — ta)>

F(ty,ts) = F(tb’tC)F(tC’t“)< m (ty — ta)

F(ty, o) | 2mih (ty — te) (te — ta)
Fty, t)F(te,t) m (ty — to)

F(tba ta) . %(tb - tC)Qﬁh(tc - ta)
F(tlh tC)F(tC7 ta) B %z(tb - ta) .

By comparing the prefactor term by term, we conclude that

m
Fltyty) = | ——r—r.
(£, ta) 2mih(ty, — to)

Therefore, the free particle propagator is

m mi (2, — T, )?
K ty; gy ly) = | — 77— 9% (H — 4+ [ 233
(xln by L ) \/me}(p{ 2h (tb - ta) } ( )

14



Chapter 3

Green’s functions

In general we can solve the inhomogeneous differential equation in many ways. For
instance, the method of undetermined coefficients and variation of parameters. In
this chapter, we turn our attention to another method so called Green’s function. It
can be useful in both classical physics and quantum mechanics. Suppose that we have

the equation
iy = f. (3.1)

where

L is some linear ordinary differential operator,

f is a given function of z. Throwing aside questions of rigor, suppose now that L
possesses a complete orthonomal set of eigenfunctions ¢, (z) so that

Lon(z) = Matn(2), (3.2)
for any function g(z), it can be expanded in term of ¢, (z) as follows

g(x) = c1¢1(x) + capa(x) + ... + crpn(z) + ...

g(x) = ) catn(), (3.3)

n=1

where ¢, is an expansion coefficient.

We multiply equation (3.3) by ¢, (z) and integrate with respect to x from —oo to oo,

15



so that

[ onatens = "> oo

_ i [ st

= /Z or(2)p1(x)da + ¢ /Z o (T)pa(x)da + ...

+cm /OO or (2)m(x)dx + ... + ¢, /00 or (2)pp(x)dx + ...

From [% % (2)dn(x)dz = 6y, we conclude that

Under circumstance of equation (3.2), we write
yr) = ianasn(x),
fa) = imm
Substitute equations (3.5) and (3.6) into equation (3.1), we obtain
i[iamn(:ﬁ)} = imn(:c)
ianwn(m _ imn(x)
iammn(m _ iﬁnaﬁn(flf)

i (andn = Ba)oulx) = 0

n=1

¢n(z) # 0, so that

16
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Thus
_ b
An

If we now substitute equation (3.7) into equation (3.5), we obtain

Qp

y(x) = / Z(i%ﬂ%(azwz(m'))ﬂxwdx’
’ o) = [~ G ansar,
where h

This the Green’s function.

Thus we obtain a representation of the Green’s function in term of an infinite

eigenfunction expansion. Now we want to rewrite it in closed form.

An interesting way of viewing the Green’s function is to operate on G(z,z’) with L:

LG(z,4) = ﬁz M
n=1 n
We use Loy, () = Auhn(2), then

; : 7 On(@)95(7')
LG(z,2") = ;L/\—n

= 3 pula)) ()

For any function f(x) ;

—00

17
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[ e = Y o) [ e

(3.11)

(3.12)



this equation may be written as

/OO I(z,2") f(2")da" = f(x). (3.13)

o0

The function I(z,z") with this property is just the Dirac § - function, é(x —2’). Thus
the Green’s function can be obtained from the equation

A

LG(z,2') = 6(x — 2). (3.14)
Let us consider the most general second - order linear differential operator

R d? d
L = fo(ﬂ@‘i‘fl(t)aﬁ—ﬁ(t)’ (3.15)

where fy, f1, and fy are functions of .
We want to find z(¢) according to

Lz(t) =0
We wish to solve
. , d2G(t, t dG(t, ¢ ,
oty = pn S 4 p w9 e
= §(t—1). (3.16)
Fort > t', we write
G(t,t/) = alxl(t) + ClQIQ(f), (317)
and for t < t/,

Now let us try to determine ay, ag, by, and by. At ¢ = t/, G(t,¢) must be continu-
ous; if it were not, dG/dt would contain a ¢ - function and therefore d*G/d# would
contain the derivative of a ¢ - function. However on the right - hand side of equation
(3.16) there is just a ¢ - function, so we conclude that G(t,t') is continuous at t = ¢/,

18



dG/dt will not be continuous at ¢t = ¢/, and from equation (3.16) we can determine
the value of

[dG(t,t’)] B [dG(t,t’)]
dt t=t'+e dt t=t'—e

by integrating both sides of equation (3.16) from ¢t =t —etot =t + €.
On the right - hand side, the ¢ - function yields 1, so
tre  BG(t Y Pre o dAG(t,t e
fo(t)#dt + fl(t)ﬁdt +/ f2(t)G(t, t')dt = 1.
t'—e dt2 t/fé dt t'—e
Let us assume that fy, f1,and fy are continuous throughout the region of definition
of the Green’s function. Since € is very small, these functions vary negligibly in the

region of integration. We can replace them with their values at t = ¢’ :

t'+e 32 / t'+e / t'+e
fo(t/) /t/ wdt + fi (t/) / %dt + fg(t/) / G(t, t/)dt =1.

2
—€ dt t'—e t'—e

Since G is continuous at ¢ = ¢’ and the domain of integration can be made arbitrarily
small, the last term on the left-hand side of this equation vanishes. Performing the

remaining two integrals, we get

fo(t’){ {%} o {%} H,_g} + f1(t/){G(t' +et)— Gt —e, t’)} = 1.

Since G(t,t') is continuous at t = t', the second term on the left - hand side vanishes.
We are left with

1

dt dt ]tH )

Using this relation and the fact that G(¢,t') is continuous at ¢ = t/, we can obtain

[dG(t, t’)} B {dG(t, t') (3.19)
t=t'+e

useful information about the coefficients ay, ag, b, and by in equations (3.17) and
(3.18). From continuity at ¢ = t', we get

alxl(t') + CLQIQ(t/> = b11‘1<t/) + bzl‘g(t/),

while from equation (3.19), we obtain

alil (t/) + agftg(t,) — [blxl(t/) + beQ(t,)] ==

fo(t)

19



Combining terms, we find the following set of equations for the differences (a; — b;)
and (ag — by) :

((11 — bl)ﬂfl(t/) + ((Lz — bg).ﬁl?g(t/) = O,

. / . / _ 1
(Cll — bl)flfl(t ) + ((IQ — bg)ﬁg(t ) = fo(t/) .
The solutions are
o) o al)
wEN TSR ew ) T T Wy

W (t') is the Wronskian of x; and x4, defined by

W(t/> = ‘Tl(t/)i’g(t/) —j}l(t/>l’2(t/)
Jfl(tI) ZEQ(f’

T (t')  @o(t))| .

In this determinant form, the Wronskian generalizes differential equations of any

order. Putting the above result into equations (3.17) and (3.18), we see that G(t,t)

may be written as

Gt 1) = blxl(t)wm(t)—(’”1(””f}fgz)_w‘”’:(?x)"“(t’)), £> 1 (3.20)

G(t,t/) = blxl(t) + bgfﬁg(t), t < t/ (321)

The two remaining constants, b; and by, can now be chosen to satisfy the appropriate
boundary conditions. The form which the Green’s function finally takes is strongly
dependent on the type of boundary conditions involved. If the boundary conditions
are of the single point variety typical of classical mechanics, then we shall require
that by = 0 = by in equations (3.20) and (3.21). If we do this, the Green’s function is

given by
Jfl(t)l’g(tl) — ZL‘Q(t)ZL‘l(t/)

Gt t) =— , 3.22
(5.1 FoW ) (3:22)
and the solution in term of the Green’s function is
t
x(t) = Az (t) + Bo(t) +/ G(t,t")F(t)dt'. (3.23)
to

The term involving the integral vanishes at t = t; and so does its derivative with
respect to t. Thus, when we apply the one - point boundary conditions, x(ty) = xo,
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&(to) = Zo, the constants A and B in equation (3.23) are determined just as though
the integral term were not present.

However if the boundary conditions are of the two - point type, say
I(to) =Xy , ZE(t1> = T,

then we write

x(t) = Axq(t) + Bao(t) + /tl G(t,t")F(t')dt'. (3.24)

to
Then it would seem reasonable to choose b; and by in equations (3.20) and (3.21) so
that G(to,t') = 0 = G(t1,t') and therefore A and B of equation (3.24) are determined
by the boundary condition, just as if the integral term does not present.
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Chapter 4

The forced harmonic oscillator

propagator

4.1 The classical action of the forced harmonic

oscillator

In this section we go back to study the single harmonic oscillator, but coupled linearly
to some external potential or disturbance. The Lagrangian for such a system is given
by

L= %mﬁ — %mw%z + f(t)z, (4.1)
where f() is the external force exerting on the particle of mass m.
The equation of motion of this particle can be found from Lagrange’s equation, we
get

ft)

i+ wlt="2, (4.2)
m

The general solution is * = z. + x, where z. is the solution of the homogeneous

equation
i+ w’r =0, (4.3)

The solution is of the form

xo = Acoswt + Bsinwt, (4.4)
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where A and B are arbitrary constants.
The other solution, z}, is solved from the inhomogeneous equation

i)

m

i+ wir =
By Green’s function method, z,, can be written as

() = /t a t')LTfL/)dt’, (4.5)

1

where G(t, ) is the Green’s function.

From

Gt ¢) — blm1<t>+ng2(t)—(Il(t)mjcitg,)_;éﬂ?xl(t/)),t>t/ (4.6)

G(t, tl) = 61$1<t> + bg.’lfz(t), t < t/, (47)

with the boundary conditions
G(ta,t') =0=G(t, 1), (4.8)

and where x; and o satisfy the homogeneous equation mentioned in equation (4.4)

and W (t') is the Wronskian defined by

N | () ()
B coswt’ sin wt’
| —wsinwt’ wcoswt’
W) = w,
then
t)(sinwt’) — (sin wt t
G(t,t') = b coswt+ bysinwt — (cos wt) (sinwt') — (sinwt)(cosw )], t>t
w
G(t,t'") = bcoswt+ bysinwt, t<t.
We obtain
1
G(t,t') = bcoswt+ bysinwt + —sinw(t —t'), t >t (4.9)
w
G(t,t') = bcoswt+ bysinwt, t <t (4.10)
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by and by can be found from the boundary condition (4.8).

Att=t,:
G(ta,t') = by coswt, + bysinwt, =0 (4.11)
sin wt
by = —b a4 4.12
! 2cos wt, ( )
At ¢t = tb 3
1
G(ty, t') = by coswty + by sinwty, + —sinw(t, — ') = 0. (4.13)
w

Substituting equation (4.12) into equation (4.13), the result is

b — I sinw(t, —t') coswt,
7w sinw(t, —t,)

Substituting by back into equation (4.12), we get

- 1 sinwt,sinw(t, —t')
YT W sinw(ty — ta)

When b, and by are put in equations (4.9) and (4.10), the final forms of the Green’s

functions are

1 sinw(t, —t) 1 .
G(t,t) = _— lg—1)+— t—t), t>t 4.14
(t,1) T t>Smw( )+ sinw(t — 1), (4.14)
ty —t
G(t,t) = Msmw(ta—t), t<t. (4.15)
wsinw(ty, — t,)

(

From equations (4.4) and (4.5)
tp

ra(t) = Azi(t) + Bxa(t) +/ G(t, ") F(t")dt
ta

t tp
rq(t) = Acoswt+Bsinwt+/ G(t, t’)F(t’)dt’+/ G(t,t")F(t")dt'. (4.16)
ta t

Consider ft "E(t')dt', it’s obvious that we have to choose G(t,t') at t >t/
! P11 sinw(t, —t') 1 f(t)
tLOF)dt! = - Csinw(t,—t)+ —sinw(t —t)| —=dt.
/ G(t, tF(t") /t Lusinw(tb—ta) sin w( )—i—wsmw( )} -
1 sinw(t,—t) [T . I
t, t dt/ = — % 7 ty —t) f(t)dt + — t— ) f()dt
/ G mw sinw(ty, — t,) /ta sinw(ty =) f(#)de + mw J,, sine( JF(E)dE,

and the suitable Green’s function for f:b G, )F(t)dt' is G(t,t') at t <, so

1 sinw(t, —t)
mw sinw(t, — t,)

/ " G Pl = / " mw(ty — ) £
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Finally we get
1 sinw(t, —t)

a(t) = Acoswt+ Bsinwt + —
za(t) “ e mw sinw(ty, — t,)

/ " mw(ty — ) f()e

+$ sinw(t — ') f(¢')dt’. (4.17)

We can find A, B from the two boundary conditions

Ta(ty) =20 , za(ts) = .

From equation (4.17), we obtain

r, = Acoswt,+ Bsinwt, (4.18)

x, = Acoswty+ Bsinwty,. (4.19)
From Kramer’s rule, we can write

T, Ssinwt,

Ty sinwty, T, sinwt, — rpsinwt

A = = 2o “ (4.20)
coswt, sinwt, ‘ sinw(ty —ta)

coswty sinwty,

COSWt, T,

coswty Ty Lo t
B — _ TpCoSWily — T4 COSW b (4.21)

coswt, sinwt, ‘ sinw(ty — ta)

coswty sinwty

Substituting A and B into equation (4.17), the result is

T,sinwty, — Ty sinwt, Tpcoswt, — Tacoswty \ .
za(t) = , coswt + : sin wt
sinw(t, — t,) sinw(t, — tg)
1 sin w(t —t)
mw sinw(ty, — t,)

—i——/smwt—t )f(H)dt

/ " smew(ty — ) £

m <$a Slnu)(tb - t) + Ty Siﬂu)(t — t@))

1 [ sinw(t, —t)

/tb sinw(t, — ') f(t")dt’

mw | sinw(ty, — t,)

+ / t sinw(t — t’)f(t’)dt’]. (4.22)
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The velocity can be obtained by differentiating x. with respect to time ¢

Fa(t) d

Snwlt, — 1) (IB(, cosw(t —t,) — x4cosw(ty — t))
1 cosw(t, —t)

e /tb sinw(t, — ') f(t")dt’

msinw(ty, — t,)

+Li(/t: sinw(t — t’)f(t’)dt’). (4.23)

mw dt

We can differentiate the last term of equation (4.23) by applying Leibnitz’s rule for
differentiating an integral as follows;

If
b(a)
I(a) = f(x,a)dz,
a(a)
then ,
dl af db da
G | et pe) 5~ fla0) T
Let .
I(t) = / sinw(t —t')f(¢")dt’,
ta
therefore
d[ ! / / /
— = [ wecosw(t—1t)f(t)dt.
dt ta

Substituting our result into equation (4.23), it gives

w

Ta(t) ) (a:b cosw(t —t,) — x4cosw(ty, — t))

sinw(ty, — t,
1 ta—1t) ["
——M/ sinw(ty — ) f(¢')dt’
ta

msinw(t, — t,)
t

+T—2 cosw(t —t') f(¢)dt'. (4.24)

Now we are ready to calculate the classical action of the forced harmonic oscillator.
We begin with

/1 1
Sy = / (§mle — Emwzxgl + f(t)xd> dt
ta

1 t ] Ly
Sy = / 5m:tgldt—/ §mw2x§1dt—l—/ f(t)zadt. (4.25)
ta ta ta

Consider the first term of equation (4.25). By performing integration by part, we get

b m th b
/ —mj:zldt = — (xcljjcl — / l’cljddt) .
ta 2 2 ta t
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Equation (4.25) becomes

m Ly m t
Scl = xclxcl —_ l’dl‘cldt — —/ gldt + f(t)l‘cldt
2 ta 2 t
t to
= g cl'rcl ' - T xcl(wcl + w xcl dt +/ f xcldt
t 123
= %xclxcl ’ m/ Cl—dt + / f $C1dt
Therefore
m .
Sel = 3(%1(751;)%1(151;) — Zalte)dalt / ft)zalt (4.26)

Replace ., ©,; of equation (4.26) with those of equations (4.22) and (4.24)

ty
m w Ty
S, = 5{ {m <x% cosw(ty —t,) — xba:a> + o /ta cosw(ty, —t') f(t')dt’

_ 123
) / sinew(ty — ) f(t’)dt’}
ta

m sinw(t, — t,)

- é(xba: — 22 cosw(ty, —t )>
sinw(ty — tq) ¢ e b

a msinwaézb —t4) /t | sinwlty = tl)f(t,)dt/} }

1 t
+{281nw(tb—t ] {xa/ sinw(t, —t)f dt—l—xb/ sinw(t —t,) f(t)dt
a ta
1 t
)/ sinw(t, —t') f dt’/ sinw(t, —t)f(t)dt

2mw sinw(t, —t

//smwt—t ()f()dtdt}
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mw

Sa = Ssnw(t, — 1) (m% + xi) (cos w(ty — ta)>

(o)
— TpTq
2sinw(ty, — to) \

xa ] /tb sinw(ty, —t)f(t)dt

Slnw ty — t,

—/ cosw(ty, —t') f(t")dt’

a

_wycosw(ty — ta) / N
—_— ty,— 1) f(t)dt
2 sinw(ty — ta) J, sinw(ts = £)1(F)

T )/tbsinw(t—ta)f(t)dt

+2 sinw(ty, — t,

! r— )/bsmw(tb—t)f(t')dt’/tbsinw(ta—t)f(t)dt

2mw Smw

Qmw/ /Smw’f—f’ f@)f(t)de'de. (4.27)

a

Sum over the 4 5"and 6 terms of equation (4.27) into a single term

xycosw(ty —t,)
2 sinw(t, — t,)

Ty t
E/ cosw(ty, — ') f(t")dt' —

ta

/ " imew(t — ) S
ta

/ " it — ) f()dt

+—
2sinw(ty, — t,)
© 2sinw(ty —t,
Tp
+25inw(tb —t,

ty
] / sinw(ty, — t,) cosw(ty —t') — sinw(t, — t') cosw(ty, — t,) f(t)dt’

) /t sinw(t — £,) f(1)dt

Tp

= o= /t " sinw(t' — to) f(t)dt’, (4.28)

sinw(t, — t,
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Consider the last two terms

2mwsmw (ty — / / sinw(ty —t')sinw(t, —t) f(t') f(t)dt'dt

/ /smwt—t F(E)F(1)drdt

(tb—t / /smw ty —t")ysinw(t, —t)f(¢) f(t)dt'de

T 2mwsinw
27musmu1) (ty — o) / / sinw(ty —t') sinw(t, — ) (') f(t)dt'dt
/ /smwt—t f()f()dt'dt. (4.29)

The double integration of the second term of equation (4.29) can be rewritten by
changing the order of integration of the variables ¢t and ¢" and then interchanging the
identities of the variables ¢t < ', as

/ / sinw(ty, — t') sinw(t, — t) f (') f(¢)dt'de
/ta /a sinw(ty, — t') sinw(t, — t) f (') f(¢)dedt’
- /t t /t sinlty — ) sinw(t, — )F()f ()t

Then equation (4.29) becomes

Qmwsmi (ty — ta) / / sinw(ty —t') sinw(t, —t) f(t') f(t)dt'dt

//Sm“’t—t f&) f(t)de'dt
2mwsmw(tb—t {/ / {Smw(tb—t)smcd(t —t)

+sinw(ty, — t)sinw(t, —t') + sinw(t — ¢') sinw(t, — ta)} f(t')f(t)dt’dt}.
(4.30)

We expand the three terms of the integrand using formula

1
sin Asin B = B cos(A — B) — cos(A + B)}
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[sin w(ty —t')sinw(t, — t) + sinw(t, — t) sinw(t, — t') + sinw(t — ') sinw(ty, — ta)]

= %[cosw(tb —t' —t,+t) —cosw(ty —t' +t, —t)
+cosw(ty —t —t,+1t") —cosw(ty —t+t, —t')
+eosw(t —t' —ty +t,) —cosw(t —t' +t, — t,)

=cosw(t —t' —ty +t,) —cosw(ty +t, —t' —t).

From ] ]
cos A — cos B = 2sin §(A + B)sin 5(3 —A)

therefore

cosw(t —t' —ty+1t,) —cosw(ty+t,—t' —t) = —2sinw(t’ —t,)sinw(t, —t).

Substituting this result into equation (4.30), we get

1 ty t
i t, — t') si t,— 1t
2mw sin w(ty, —ta){/ta /ta [smw( b ) sinw( )

+sinw(ty — t)sinw(t, — ') + sinw(t — ') sinw(t, — ta)] f(t/)f(t)dt’dt}

_ _Wsin;(tb_ta){ /tt /t:sinw(tb—t) sinw(t’ — ) f(¥) f(t)dt/dt}.
(4.31)

Finally, the classical action of the forced harmonic oscillator is

MW
Sy = Sty — 1) {(cos w(ty, — ta)> (xz + xi) — 211,
2 b
S inw(t, —t)f(t)dt
o | sinelt =070
2£Bb t

+— sinw(t —t,) f(t)dt

—#%[jlww@—”me—Mﬂwmwmﬁ (4.32)

30



4.2 The forced harmonic oscillator prefactor and

propagator
From the relation

K (2, 70, 1) = / K (2, s 20, 1) K (s b s t0) e, (4.33)

and the classical action calculated in the last section, we have

mwsi
F(ty, ta)exp{ Shsma(ty — 1) {cosw(tb —tq) (:L‘% + 3:3) — 217,

2, [Y
22 [ Sinw(ty — ) f(E)dt

e
+% /tabsinw(t—ta)f(t)dt
_% /t t /t t sinw(t, — ) sinw(t — t.) F(#) f(t)dt’dt} }
mwi

= / F(ty, tc)exp{ Shsimw(ty — 1) {cos w(ty, —tc) (:E,Q) + x?) — 21,

o0

2 b
2 2% [ Ginw(ty, — ) f(1)dt

mw Ji.

2 b
220 Ginw(t — ) f(1)dt
te

—% /tcb/ sinw(ty — t)sinw(t' — tc)f(t/)f(t)dt/dt} }

te
mwi
'Ftcata tc_ta<2 2)_2(:11
( )eXp{2hsinw(tc—ta) [cosw( Wzs + 27 Tl
2w, [
220 [ Gnw(te — ) f(1)dt

mw Jy,
2x te

< inw(t—t,)f(t)dt
+W/ta sinw(t — t2) f(1)

m2w?
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mwi
— F(ty t)F(te, t, b a2
(to, te) F( >eXp{2hsinw(tb m—n [cosw( b — to)a
2 tb
+2 [ sinw(t — to) f(£)dt

—% /tctb /tct sinw(t, — t) sinw(t’ — tc)f(t’)f(t)dt’dt} }

- te — to)a
eXp{thinw(tc e [cosw( i

2x te
—— inw(t. —t)f(t)dt
+mw g sinw( ) f(t)
2 te t
1 inw(t. —t)sinw(t’ —t,) f(t") f(t)dt'dt
e | [ sttt — ) )0
mwi

' ty — to) w2 — 2ap1,
/_OO eXp{2hsinw(tb ~ 1) [cosw( b )z Ty

20, [
— i ty — 1) f(t)dt
o . Snelts =0 (0) ]}
mwi
- te — )2 — 2207,
eXp{thinw(tC e {cosw( Yx? — 2T
S (t —ta) f(t)dt| pdx (4.34)
mw J, w a c- .
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Since the prefactor F'(t,,t,) is independent of x, and x; so we canset z, =z, =0
without altering the value of F(t,,t,). Equation (4.34) then becomes

F<tb,ta>exp{2h2§;"iT[ =/ smwtb—tsmw(t—t)f(t')f(t)dt'dt}}

= F(tb7tC)F(tC)ta)
mwi
eXp{thian, [_ m2w2/ / sinw(ty, — t) smw(t —te) f(t )f( )dt dt}}
mwt 2 ’ 3 : / / /
eXp{thian” {_ I /t /t a sinw(te —t)sinw(t’ —t,) f(') f(t)dt dt”
[ ol gt T eoseraz + 22 [ st — 000t
_Ooexp ShsnwT’ coswi x, e J, sin w(ty,

. 9 . te
exp{# {cosz"xg + % /ta sinw(t — ta)f(t)dt] }d.ﬁEC,

= F(ty,te)F(tc, ta)

mwi
eXp{thian’ N mw/ / sinw(ty — 1) sinw(t’ — o) f(£) f()dt dt}}
mwi | 2 c . .
eXp{ 2hsinwT™ |  m2w? /ta /ta sinw(te —t) sinw(t’ — ta)f<t/)f(t)dt,dt:| }
/OO o mwi [ sinwT’ )
—c0 P\ 2n | sinwT” sinwT" Te

i[ 1 [ L
—I—xcﬁ Lian/ /tc sinw(t, —t) f(t)dt + T /ta sinw(t — ta)f(t)dt} }dxc,
(4.35)

where T'=t, —t,, T' =t, — t., and T = t,. — t,.
The integral of equation (4.35) is in the form of Gaussian integral.

From )
& b
/ exp{ —ax® + bw}dx = \/Eexp{ }
oo 4a
when
mw sin wT’
o —

23k sin T sin T

b = 7—;{ ! /tcbsinw(tb—t)f( )dt +

sin w7’

/ “ sinw(t — £ f(t)dt] |

sinwT"”
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We get

- ty t
F(tb, ta)exp{ — m/ / sin w(tb — t) sin W(t/ — ta)f(t/)f(t)dt,dt}
t t

= F(tbatc)F(tcat )exp{ ! {

/ /smw ty —t)sinw(t’ —t.) f(t") f(t)dt'dt

mwh | sinwT”

+simluT~ /t /t sinw(te — 1) Sinw(t/—ta)f(t')f(t)dt’dt}}

\/2m'h sin wT" sin wT" 1sin w1’ sin wT"”
ex —
mw sin wT’ P

2mwh sin wT

[Sm 20T / / sinw(ty, —t)sinw(t, — ') f(t) f(¢')dt'd¢

+smwT’ sin w1 / sinw(ty, — ¢) f(¢)dt /ta sinw(t —t,) f(t)dt

T oI / / sinw(t — to) sinw(t’ —t4) f (1) f(t’)dt’dt]}

F(ty, t,) B \/27rz'h sinwT’  mw  2mihsinwT”

F(ty,te)F(te,ts) mw 2mihsinwT mw

i ty t ) ) , , ,
exp{ e ] et = s — 1) S

,[; te t
e . te — . r . / /
— /t /t sinw(te — £)sinw(t’ — £.) f(#) f()ddt

+W / / sinw(ty — t) sinw(t’ — t,) f() f(t)dt'dt
isinwl” / / sinw(ty —t)sinw(t, — ') f(t') f(t)dt'dt

" 2mwhsinwT sin wT’
7

e [Nt =00 [ st — s

mwhsinwT' J,

i§in wT" /tc /tc sinw(t —t,)sinw(t’ — ta)f(t)f(t/)dt/dt}'

2mwhsin wT sinwT” J,

(4.36)
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Combining the second and the sixth terms together, then interchanging the order
of integration of ftt J,odt'dt to . ftta dtdt’ and changing ¢ « t back again, we have

Z' te t
—_— i te — 1) si t—to) f() f(t)dt'dt
e [ et = st~ 5e)1)

_zmwh;sigmﬂw[( / / /t / )(smwt—t)sinw(t’—t@f(t’)f(t))dt’dt}

te
= QWﬁsmwTsmwTﬂ/ /{QSlansmw(t — 1)

+sinwT’ sinw(t — t,) + sinwT’ sinw(t — ta)} sinw(t’ —t,) f(t") f(¢)dt'de

1 te [t ‘ / , ,
= e .| st = sl - L)) f)arar,

(4.37)

In a similar way the first and the fourth terms can be combined to give

W/ /Sm“b‘“smw@—ﬂf( ')f()dt'dt

1sin wT"”
 2mwhsin wT sin w1’ / / sinw(ty —t)sinw(t, —1 )f( )f( )dt de
isinwT"”
" 2mwhsinwT sinwT” / / sinw(ty — ) sinw(ty — ') f(¢') f(t)dt'dt

=5 — T T’/ /{2smwTsmw(t—t)+smwT sinw(t, —t')
mwh sin w7 sin w

+sinwT” sinw(t, — t’)} sinw(t, —t) f(')f(¢)dt'dt

= W/ /smwt — to)sinw(ty — ) f(t") f(¢)dt' dt.
(4.38)
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Then equation (4.36) becomes

F(ty, t,) B \/2m'h sinwT’  mw  2mihsinwT”
F(ty to)F(te,ta)

mw 2mih sin w1’

ool st [ L[]

sinw(ty, — t)sinw(t’ — t,) f(t') f ()dtdt}

B \/QM'h sinwT” mw 2mih sin wT”
a mw 2mih sin w7’

ool seataaal [ [ [

sinw(ty, — t)sinw(t’ —t,) f(') f(t)dt dt}

\/QM'FL sinwT” mw 2mih sin wT”
mw 2mih sin w7’

S —

sinw(t, — t)sinw(t’ — ta)f(t')f(t)dt’dt}

F(ty, t,) B \/27m'hsin WwI' mw  2miksinwT”
F(ty,to)F(te,ta) '

Therefore the prefactor is

mw 2mihsinw T mw

/ mw
F(ty,t,) =4/ ———. 4.39
(s, ta) 2mihsinw T ( )

Finally, the forced harmonic oscillator propagator can be written in the form

mw mwi
K 7t yLay ta = a3+ . m P I — T( 2 2> -2 a
(o, to; @ ) \/ 27mih sin wTeXp{ 2hsinwT {COSW Ty T T ot

2x t
- inw(t, —t)f(t)dt
2 [ sinw(ty — £)£(1)
2y [*
= t—t,)f(t)dt
o | st =) F 0

9 ty t
- / / sinw(ty, —t) sinw(t’ — ta)f(t’)f(t)dt’dt] }
mew ta ta
(4.40)
where T = t, — t,.
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4.3 The constant forced harmonic oscillator

propagator

When the external force is constant f(¢) = A = constant, equation (4.40) becomes

mw mwi
K by Tayta) = 7j< 2 2) -2 a
(s, t6; Tasta) \ 2mihisin wTeXp{ 2hsin wT [COSW Ty T ot

tp

2z,
+ o cosw(ty —t)

2A$b

ta
tp

5 cosw(t —t,)

m2w2/ / sinw(ty, —t)sinw(t’ —t, dtdt}}
mw mwi
K by Tasta) = = . . 1j< > -2 a
(2o, to; @ ) \ 2mhsmwTeXp{2hsmwT [cosw Ty Lok

2z,
+ 2(1—Coswtb—t >
mw

2A$b
2<Cosw ty — t,) 1)
mw

2)\2 ty t
- inw(ty, —t)sinw(t’ —t,)dt'dt| ».
o /ta /ta sinw(t, —t) sinw( ) }

(4.41)
Consider the last term of equation (4.41)
2A2 ty t
- 2/ / sinw(ty, — t) sinw(t’ — t,)dt'dt
m2w? J, .
202 [t ¢
=—— 2/ Sinw(tb—t)</ sinw(t’—ta)dt’)dt
m2w
2\
=— sin w tb—t cosw t dt
m2w t,,,
2)\2 1
:—m2w3/ sinw(t, — t) (coswt—t >dt
22 - t Ly
= —— [/ sinw(t, —t) cosw(t — t,)dt — / sinw(t, — t)dt] ,
m2w? | J,. .
(4.42)
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From

FmM—B%mmm+Bﬂ

N —

sin Acos B =

1
sinw(ty —t) cosw(t — t,) = 5 [sinw(tb +t,— 2t) +sinw(t, — ta)} ,

equation (4.42) can be rewritten as

2)\2 ty t
- sinw(t, — t)sinw(t — t,)dt'dt
i [ st = s 1)

)\2 tp 2 ty
= /ta sinw(ty +t, — 2t)dt + Y /ta sinw(t, — t,)dt
2)\2 /tb
—— sinw(t, — t)dt
m2w? J,.
A? =ty A2 th
T 2m2wt coswl(ty +to = 2t) t=ta i m2w3 sinw (s~ ta) /ta «
2)\2 t=ty
—— cosw(ty — 1) —
2 2
A A _
T Om2wt (Cosw(ta —ty) — cosw(ty — ta)) + O] <tb — ta) sinw(ty, — tq)
2\
e (1 — cosw(ty, — ta)>
N . 2\
= oty — ta) sinw(ty — o) = —— (1= cosw(ty — ta) ).
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Equation (4.41) becomes

mw mwi
K by Tayta) = T( 2 2> -2 a
(s, t6; Tasta) \/ 27ihsin wTeXp{ 2hsinwT {COSW o T rot

2\

Iga <1 — COS wT)
mw
2\

$2b (1 — COS wT)
mw

2\

5 1 — cos wT)] }
m2w
) mw mwi 9 2) _
B 2mihsin wTeXp{ 2hsinwT {COS oI (xb T 2xbxa}
i e, ATy A2
- 1= coswT)
+hsian{< w i w mw3>( cose ]
i [ A2
— T ;.
+2h Lmu2 } }
Therefore the constant forced harmonic oscillator propagator when f(t) = A is

K(xp, ty; xo,ty) = el - 22 <a:2—|—x2) coswll _ 224%

btbtata) = A i GnweT P T o |\ T ) o T isinwT
1/ Az, N ATy A2 1 coswT
h w w mw? isinwT  isinwT

i [ A2
)

4

(4.43)

4.4 The ground-state wave function and energy of
the constant forced harmonic oscillator

From

1 . .
isinwT = —e“T<1—e*2WT>

1 . .
coswT = éewT<1+e_2’“’T>.
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Substitute the relation above into equation (4.43), we obtain

1/2 . —-1/2 T
K(*Tlntb;xaa ta) - <7T_7n;;) <1 — 6_2MT> exp( — MT)

{ mw[ o o\ lH+e T gz el
expy — = (%“‘%)

1 — e—2wT | _ g—2wTl

B 1{/ Az, n AT A2 2e~wT 1 4 e 2T
h w w mw? 1 —e 2wl 1 — g—2wT

(4.44)

In case of Taylor’s series expansion of any function f(x) expansion about any center

o
_ - 4" (o) (= )"
J(x) = dxn n!
n=0
consider (1 — B_QMT)_1/2 in equation (4.44), we set x = e~ &7,
Power series of (1 — 6727'“)T)71/ ? is as follows
fla) = (1—a)7'? f(0)=1
1 _ 1
f/<l'> _ §<1 . x) 3/2 fI(O) _ 5
1-3 B 1-3
f(x) = ?(1 —z)? f(0) = —5
1-3-5 _ 1-3.5
fm<l’> _ 5 (1 . .’L’) 7/2 f///(o) _ %
1-3.5-7 ) 1.5.5.7
fO) = —r—1-2)  fO0) = —5—

1 1.3, 1-3-5 1.3.5.7
)2 = z 2 3, 27991 4
(L=2) P =1 oot oo g @+~ ®

So we can write

(1_6—2MT)—1/2:1+16—2MT+1'36—4MT_|_1'3'5 ewr | 17397 g

9 929 233 ¢ 214 T

(4.45)
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BN
In the same manner, we expand (1 — e*QWT> in equation (4.44)

(by setting z = e=2*T) as follows
fl@) = (1—a)7 f(0)=1
fll@) = (1—-2)7* f0)=1
fl@) = 2(1-2)7° f(0) =2
(@) = 6(1-2)" f"(0) =6
fO@) = 2401 -2)7 fO(0) = 24

or T T
= l4o+22+23+2"+....

) -1 . ) . )
(1 _ 6—2wT> e 2T g AT | 6Ty BT |

Therefore

1 _‘_6721&)’1—' —9%uT — 2T —4iwT —6wwT —8iwT

_ —iwT . )
Now we expand (%) in the form of Taylor’s series as follows

(%) = —4g:bxae_“"T(1 e 2T ety om0y oSl )
— 4w
Similarly
26—7/.UT —iwT — 2T — 45T —6wT —8wT
1 _e2wl | — 2e <1+e te te te +)
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Equation (4.44) becomes

1/2 .
mw wT
K(I’b,tb;xa, ta) — <E) eXp( - T)

11/ \z, N AT A2
h w w mw?
|:26—MT (1 L2l g Ty 6Ty 8T >

_<1 i edfwT) (1 L2l g AT | 6Ty 8T )1

17/ Az, N Azy A2
h w w mw?




—2iwT —4iwT —6wT —8iwT
o 2331 ¢ ST )

(6—2wT+6—4WT+€—6wT LT 4 ﬂ

1/ dx, Az A2 i (NT
— — — . 4.46
eXI{h( w * w mw?’)}eXp{Qh(mw? (4.46)
Consider exp[ — e (:c% - 31;?1) (e‘”‘"T + e AWT 4 o7 OWT | 8T 4 )] in equation
(4.46), we set = — (x%—l—xi) (e_sz+e‘4“T+e‘6“T+e‘8“T+ > using Taylor’s
series expansion about z = 0,
. 2 2 2t
Then
exp { _ —(x% n Iz) (6—21‘wT LA | 6T | 8T | >}
14 [_ %(ﬁ) +$i> (6—21‘wT+6—4¢wT § e bWl | 8T | >]
1 mw (o 2\ ( —2wT |  —4iwT | ,—6iwT 8iwT ’
+§ —T<xb+xa><e +e +e +e + )
1 mw o 2\ (2T | —4iwT | —6iwT | —8iT ’
bap| = (e ) (7T T T T )
+... .
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Then we expand exp[ TyTyg (e‘“T + e73WT | o7SWT o= TWT )} by the same
method with equation (4.47) as

exp {—xbx ( —3wT+6—57ZUT+6—71LuT_|_m>:|

xb:L‘ ( MT+€3MT+651@T+671@T+M)]

1 . , . 2
— xbxa em Wl 4 p73WT 4 p=dWT 4 =TT )
2 h

1

3!

Tty —wT+e—3wT+e—5wT+e—7wT+m>

3
¥

_|_
(4.48)

Consider exp {— 2 (Ma Acp )‘—2) <e‘i‘”T +e 3T pdwT | =TT | )} , the result

w w mw3

of the expansion is

2 (A, A A2
:1+[_7_i<j jb_m3)<ewT+€3wT_'_e5uuT+e7wT+ )}
1 2(Ara Az A2 —wT 3T 5iwT 7iwT ?
+§[_ﬁ( w w mw3)< + + * * >
1 2 \x, A A2 3
+§{_ﬁ(5 jb_mg)(e—wT+€3wT+65wT+e77/.uT_|_ >}
+..
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Then we consider exp [% <% A )‘—2) <6_2“T + e AWl 4 om6WT | o—8iWT | )] ,

it yields "~
exp E(Aja n /\jb B Wf}?’) (6721}.‘;T | T | 6wl | ST | )]

1 {%(Aja /\jb Wfﬁ)( “2T | —AWT | 6T | 8T | )}
+% |:%()\ja n )\jb B Wﬁ3)( —2T | 4wl | 6wl | 8wl | >r
+% {%(/\ja n )\jb B W/ng) (672“T+ gl | =6l | 8wl | >r
+.
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Substitute the whole expansion results into equation (4.46), we obtain

1/2
mw 1_1w 13—1,0.2 135_M
K(xp,ty; wa,t,) = <—) (1+§e 2 T—i-ﬁe AT SRR 6 T+...)

w mw3

. —@—%<2+ 2)_‘_} )\ma+Axb_ A2 +i AT
LT T\ T ) TR, 2

{1 I [_ %(m% +$(22) (e—sz+ —4iwT | =6l | 8wl | )}
1 mw o 2 —2iwT —4iwT —6iwT —8iwT ’
+§ —T<xb+xa><e +e +e +e + )
1 mw ( o 2 —2iwT —4iwT —6iwT —8iwT ’
bap| = (e (T T T T )]
2 —iwT —3iwT —5iwT —TiwT
14+ T$b%<€ +e +e +e + )]
1| 2mw —iwT —3iwT —5iwT —7iwT ’
+§ 3 Ty, <e +e +e +e + )
1 2mw —iwT —3wT —5iwT —TiwT ’
+§ 3 xbxa<e +e +e +e +..) +

+
N | =
| — |
|
St Do SN

n
—

{1 N |:%<)\:ja )\jb B Wig) <6—27;UT+ 4T | 6T | 8wl |
—i—% {%()\za )\jb ni:;) (efzw Ly AT | 6wl | 8wl
+% l%(/\ja n Ajb Wi\jg) (e—muT LT | BT | 8T |

T }
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The propagator can be expanded in the form of wave functions and energies as

K (2.t %0 ta) = 3 ¢ul(@)8) (va)exp( — iE,T/h),
n=0

where

¢n(z) is the wave function.
E,, is the eigenenergy.

For the term with n = 0, that is ¢o ()@ (za)exp( — iEoT/h).
Collect all the terms that involve the factor exp(z’EoT / h), we have

mw\ /2 _MT_W(2+ 2>+1 )\xa+)\xb_ A2 +i NT
mh exp 2 2h o T ¥ A\ w w mw? 2h \ mw?

1/4
1
= <%) exp [ ~ 53 <m2w4x12, — 22 mwiy, + /\2)]

1
~ 93 (m2w4:c(21 — 22 mw?z, + >\2)1
m

B i [ mhw® — \2 "
eXP h 2mw?

1/4 2
[(mw 1 9 3
= <ﬁ) exp [ ~ 9,73 (mw Ty — )

|




Hence

oo = () o] -5+ ) |

EOI

4.5 Alternative method for calculating the ground-
state wave function and energy of the constant

forced harmonic oscillator

From

K(xy, ty; e, t,) = i P ()% (14)e EnT/R
n=0

Let T'= —iBh and substitute into the equation above, then
K(zp, ;) = K(wp, x4 —10h)

= p(Tp, T4; B)

= Y ou(w)di(za)e

n=0
= ¢o(x3)dg(xa)e 0 + d1(w) ) (xa)e P + ba(wy) B3 (wa)e PP +

where E(] < FEi < FBEy<..
When 3 — oo, the factors e #F0 e BF1 e=FF2  decay to zero. Since we are interested
in the ground state and e %0 > ¢ PFL > ¢=BF2 > we keep only the first term of

the expansion. So p(xy, z,; ) can be approximated to be

p(0, 243 B) = do(x0) g (x4)e 0.
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From equation (4.44), we let T' = —ifh, that is

~1/2 mw 1+ e 20w 4pyp,e P
—28hw 2 2 a
<1 — ¢ ) exp{ N {<xb + x“) 1 —e 20w ] — o—26hw

11/ \z, N AT A2 2¢O 1 + 20w
R\ w w o omwd ) \1—e 2w ] 720

s } (4.52)
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Take 3 — oo and keep the term exp( Bhw ), equation (4.52) becomes

)\2

BA?

1/2
mw hw  mw 1/ Az, M
p(xb,xa;ﬁ):<ﬁ) eXP[—ﬁ———(a:%Jr:ci)Jrﬁ( + 200

1/4
1
= (7:;;) exp{— Sy (m wr? — 2 mw?xy + )\2)1
o\ V4 )
(5%) o] - g (et -2+ )
hw A2
eXp{_5<7 - ZWQ)}
1/4
mw 1 9 2
= (ﬁ) exp[— ST <mw Ty — A) ]
1/4
mw 1 9 2
(E) expl—m(w 2= ]
hw A2
exp{— 6(7 B 2mw2>]
mw 1/4 mw A 2
“\7n) PP T o\ e
W —

Hence

go(z) = (%)”%Xp[— 2—77?;;(95— mi‘uz>2]

20

mw?

2mw?



ANZ0

- Mmo? A

Figure 4.1: Position shift of the ground-state wave function when the external force

f(t) = A = const. compared with no external force (A = 0).
4.6 Derivation of the wave functions and energies
of the constant forced harmonic oscillator from

Schrodinger’s equation

When .
V= §W2$2 — Az,
Schrodinger’s equation is
h? d?¢ 1 5,
- = - = FEo¢. 4.5
2m da? (QW v x>¢ ¢ (4:53)
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2

1, 1 L], 2zA A\’ A\’
§mwx—)\x:§mw a:—mw2+ )

Consider <lmw2x2 — AJ:)

2 mw?  miw? m2w?
1 A\
= —nmw||z—
2 mw? m2w?
1, 1, A\ N
oMW T — Ar = 5 mw (:B —3) T (4.54)

Substitute equation (4.54) into equation (4.53), that is

R d2e |1, YR
—ﬁn@+l§’”‘” (—W> T o ¢ T B9

2
A2 d2¢+lw2<x_7r:u2> ¢ = (E+/\_2>¢

2mda? 2 2mw?
We set y = 2z — A\/mw?, then
R d*¢ 1 4, A2

This is the Schrodinger’s equation of the harmonic oscillator with energy

<E + A2/ 2mw2> and wave functions are
o= () (o= 25 () e - 52 (- 2 |

where the function H,, are the Hermite polynomials

Ho(y) = 1

Hi(y) = 2y
Hy(y) = 4y? — 2
Hy(y) = 8y’ — 12y

n

- [eXp(—y2)} :

Hu(y) = (=1)"exp(y®)

Q.
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From the right-hand side of equation (4.55), we get

2
E+ A = hw<n+1>

2mw? 2

1 A2
E, = hw{n+=-|—-——=,n=0,1,2,..
2mw?

For the ground state, we have

and

as derived from the path integral method.
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Chapter 5

Conclusions

In this work, we study the single-particle motion in the forced harmonic potential

using Feynman path integral method. The Lagrangian for such a system is given by

1 1
L= me'Q — émx,u?lz + flt)z,

where f() is the external force exerting on the particle of mass m. As the Lagrangian

has quadratic form, so the propagator of the system can be solved exactly as

K (20, ty; a ta) = F(ty, ta)exp(%sd).

From Green’s function approach to the calculation, we obtain

Sy = 5 SZT:T {(cos wT> <:1:% + xi) — 211,
2x b
— inw(t, —t)f(t)dt
woe [t - 0700
2 b
) sinw(t —t,) f(t)dt

mw Jy
2 ty t
2 / / sinw(ty — £) sinw(t’ — t,) F() F ()ALt
m-w ta ta

/ mw
Fty,t,) =4/ ——
(s, ta) 2mihsinw T

and
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where T' = t,,—t,. In case of the constant forced harmonic oscillator, the propagator is

K(ay ty: warts) — mw ] e <x2 +a:2> coswl  2xx,
br by Far ba) rihsinwl P 2h b “JisinwT  isinwT
11/ Az, N AT A2 1 coswT
h w w mw3 isinwT isinwT
i [ M\
— T .
+2h(m¢02 )}

We expand the propagator for the ground-state energy eigenfunction and energy

eigenvalue as follows

We conclude that the energy eigenfunction and the energy eigenvalue are the same

as those obtained from Schrodinger’s equation.
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Appendix A

Classical motion of constant forced

harmonic oscillator

From equation (4.22) when f(¢') = A, we can write

1
za(t) = m [ma sinw(t, —t) + zpsinw(t — ta)]
1 | sinw(t,—t) [*
sinw(t — ) / sinw(ty, — ')A
mw |sinw(ty, —ta) Jy,
¢
+/ sinw(t — t")Adt/
ta
(0 [ sinw(ty, — 1)+ sin(t — 1)
c = T, . |%TesSIN - m — la
Tl R T— Tq sinw(ty, Tpsinw

ta w

N A { SmW(ta B t) [l cOS w(tb - t/)

ty n 1 (t t/>
mw | sinw(ty, —t,) |w w Y

1
= — [xa sinw(ty — t) + zpsinw(t — ta)]

sinw(t, — t4)
N A { sinw(t, —t) [1 — cosw(ty — ta)] + [1 —cosw(t — ta)] }

mw? | sinw(t, — t,)
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! [ inw(t, — t) + apsinw(t — ¢ )]
= —— |z,sinw(ty — rpsinw(t —t,
sinw(ty — to,) ’ ’
A

mw?sinw(t, — t,)

{ [sinw(ta — ) — sinw(ta — t) cosw(ty — ta)]

+ [sinw(tb —t,) — sinw(ty —t,) cosw(t — ta)} }

! [zasinw(ty — 1) + zpsinw(t - )|
= ——— |z, sinw(ty, — rpsinw(t — t,
sinw(ty — t,) b b
A
P {sinw(ta —t) +sinw(ty, — t,) + sinw(t — tb)}
1

= O [xa sinw(ty —t) + xpsinw(t — ¢ )]

)
A sinw(t, —t) A sinw(t —tp) N A
mw? sinw(t, — t,) mw2 sinw(ty, —t,)  mw?
sinw(ty, —t)
= "L‘a
sinw(tp — ta) mw2
Slnw sinw(t —t,)

A A
: Al
T sinw(t, — tg) (xb muﬂ) T e? (A1)

We set ¢; = m(aﬁa — ﬁ) and ¢y = m(:cb - ﬁ), equation (A.1)
becomes

za(t) = csinw(ty —1t) + cosinw(t —t,) +

mw?
A
= ( sin wty, cos wt — cos wt, sin wt) + ¢y ( sin wt cos wt, — cos wt sin wta) + 5
mw
= (¢ — ¢1)sinwt coswt, + coswt(cy sinwt, — cosinwt,) + 5
A
= Csinwt + C'coswt + —, (A.2)
mw
where C' = (c2 — ¢1) coswt, and C' = (¢ sinwty, — casinwty,) .
We assume C' = Acos ¢, C' = Asin ¢, then
ra(t) = Asin(wt+¢)+— (A.3)

57



Bibliography

[1] R. Feynman and A.R.Hibbs, Quantum Mechanics and Path Integrals, Mc-
GrawHill (1995).

[2] F. Byron, Jr. and R. Fuller, Mathematics of Classical and Quantum Physics,
Dover (1992).

[3] R. Feynman, Leighton and Sands, The Feynman Lectures on Physics Volume 3,
Addison-Wesley (1965).

[4] R. Fowles and L. Cassiday, Analytical Mechanics, T"ed., Thomson Brooks/Cole
(2005).

[5] S. Gasiorowicz, Quantum Physics, 3"%ed., John Wiley & Sons (2003).

[6] W. Thummawong, A Study of a Single Particle Motion in the Harmonic Potential
by Path Integral Method, Skill Training and Professional Experience Report,
Department of Physics, Naresuan University (2004).

o8



